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Review on Well-balanced schemes and path-conservative numerical
methods

Manuel J. Castro Dı́az
Dpto. Análisis Matemático, Estad́ıstica e Investigación Operativa y Matemática Aplicada

University of Málaga

In this course, we review the main results concerning the definition of high-order path-conservative
schemes and well-balanced schemes. Thus, a general methodology for developing high order well-
balanced schemes for hyperbolic system with nonconservative products and/or source terms will be
presented. We briefly recall the Dal Maso-LeFloch-Murat theory to define weak solutions of noncon-
servative systems and how it has been used to establish the notion of path-conservative schemes. We
show that, under this framework, it is possible to extend to the nonconservative case many well-known
numerical schemes that are commonly used for system of conservation laws. We point out the difficul-
ties related to the right definition of weak solution and the design of numerical schemes converging to
them. Next, the extension to high order will be presented. Finally, the well-balanced property of the
proposed methods is analyzed with some illustrative examples.

References

[1] M. J. Castro, T. Morales de Luna and C. Parés, Well-balanced schemes and path-conservative
numerical methods, Handbook of Numerical Analysis, 18 (2017), 131–175.

Joint work with: Tomás Morales de Luna and Carlos Parés
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Fluids and waves: error control and adaptivity in computational partial
differential equations

Omar Lakkis
Department of Mathematics

University of Sussex

I will review the aposteriori error analysis techniques for parabolic and hyperbolic time-dependent
partial differential equations of second order for various time-discretizations. This analysis is based on
the analysis for elliptic equations which I will review shortly in the first lecture. I will also outline how
this theory allows to drive the numerical schemes in an adaptive fashion. I will cover the literature for
convergence results for the elliptic and parabolic equations. Time allowing I will discuss space-time
methods and first order hyperbolic systems.
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Second-order entropy satisfying BGK-FVS schemes for incompressible
Navier-Stokes equations

François Bouchut
LAMA, Université Paris-Est & CNRS

I shall show how to derive Kinetic BGK numerical schemes for the approximation of incompressible
Navier-Stokes equations, via classical discrete velocity vector BGK approximations, applied to an
inviscid compressible gas dynamics system with small Mach number parameter [1]. As the Mach
number, the grid size and the timestep tend to zero, the low Mach number limit and the time-
space convergence of the scheme are achieved simultaneously, and the numerical viscosity tends to
the physical viscosity of the Navier-Stokes system. The method can be formulated as an explicit finite
volume/difference flux vector splitting (FVS) scheme over a Cartesian mesh. The scheme satisfies a
discrete entropy inequality, under a CFL condition of parabolic type and a subcharacteristic stability
condition involving a cell Reynolds number that ensures that diffusion dominates advection at the
level of the grid size. This ensures the robustness of the method, with explicit uniform bounds on
the approximate solution. Moreover the scheme is proved to be second-order accurate in space if the
parameters are well chosen, this is the case in particular for the Lax-Friedrichs scheme with Mach
number proportional to the grid size. The scheme falls then into the class of artificial compressibility
methods, the novelty being its exceptionally good theoretical properties. The efficiency of the method
is shown in terms of accuracy and robustness on a variety of classical two-dimensional benchmark
tests.

References

[1] F. Bouchut, Y. Jobic, R. Natalini, R. Occelli, V. Pavan, Second-order entropy satisfying BGK-
FVS schemes for incompressible Navier-Stokes equations, SMAI J. Comput. Math., 4 (2018),
1–56.
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Compressible Multimaterial Numerical Models in the Low Mach Limit

Angelo Iollo
Institut de Mathématiques de Bordeaux and Memphis Team

Université de Bordeaux and Inria Bordeaux

The study of compressible multi-physics/multi-scale phenomena requires advanced numerical mod-
eling. These problems are insoluble by traditional theoretical and experimental approaches, hazardous
to study in the laboratory or time-consuming and expensive to solve by classical means. Our objective
is to simplify the numerical modeling of problems involving several materials such as hyper elastic-
plastic solids, water or air, evolving in regimes going from high to low mach. In these regimes the
geometries are complex and unsteady and the resulting phenomena are multi-scale. Rather than using
extremely optimized but non-scalable methods, we adopt robust monolithic numerical models [1] that
bypass the difficulties linked to body fitted meshes and unsteady grid generation since these tasks are
prohibitive when the boundaries are moving and the topology is complex and unsteady.

In this talk we will focus on compressible hyper-elastic materials and their incompressible limits.
In the incompressible limit, the mono-material numerical scheme is based on the relaxation technique
introduced by Jin and Xin in [2]. With this method, the fluxes are relaxed at the continuous level,
obtaining a linear transport operator. Thanks to this, the use of Riemann solvers is not necessary and
fully implicit time integrators are easily implemented. This allows to get rid of demanding acoustic
CFL constraints when the low mach limit approaches. The spatial discretization is obtained by a
combination of upwind and centered schemes, in order to recover the correct numerical viscosity at
low mach number but also in the compressible regime [3].

In order to solve low-mach multi-material problems, a model to describe the interaction of two
non-miscible compressible materials that are separated by an interface is introduced. In the proposed
numerical model, the interface is tracked by a level set function and the equilibrium interface condi-
tions are imposed via extrapolations. Therefore, the evolution of the material discontinuity is sharp
by construction. We present numerical illustrations of the evolution of fluid/fluid, solid/fluid and
solid/solid interfaces in both the high- and low-mach regime and we will conclude with some new
scheme perspectives.

References

[1] A. De Brauer, A. Iollo and T. Milcent, 2016 A Cartesian scheme for compressible multimaterial
models in 3D. J. Comp. Physics, 313 (2016), 121–143.

[2] S. Jin and Z. Xin, The relaxation schemes for systems of conservation laws in arbitrary space
dimensions, Comm. Pure Appl. Math., 48 (1995), 235–276.

[3] E. Abbate, A. Iollo and G. Puppo, An all-speed relaxation scheme for gases and compressible
materials, J. Comp. Physics, 351 (2017), 1–24.

Joint work with: E. Abbate, F. Bernard, G. Puppo, G. Russo
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Entropy/energy consistent numerical schemes for Hyperbolic Systems

Charalambos Makridakis
Department of Mathematics

University of Sussex

We discuss entropy/energy conservative and entropy stable schemes for hyperbolic systems and
other problems. The schemes developed so far in the classic works of Tadmor, Johnson and their
collaborators start from an appropriate entropy conservative formulation of the system. Then entropy
diminishing schemes are obtained by adding appropriate artificial diffusion terms. This program is
based on the reformulation of the HCL using the entropy variables. Our approach has a starting point
a new formulation of the hyperbolic system which does not replace the original variables. The original
variables are discritised directly and significant flexibility is allowed in the design of the corresponding
computational algorithms. New finite element schemes are introduced and analysed. It is shown that
the resulting approximations converge to an entropy weak and when appropriate to an entropy measure
valued solution.
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Well-balanced methods for the Shallow Water equations in spherical
coordinates

Carlos Parés
Dpto. Análisis Matemático, Estad́ıstica e Investigación Operativa y Matemática Aplicada

University of Málaga

The goal of this work is to obtain first order well-balanced numerical methods and high order extensions
for the Shallow Water equations in spherical coordinates:
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where R is the radius; (θ, ϕ), the longitude and latitude; g, the gravity; h, the thickness of the water
layer; H, the bottom depth; vθ, vϕ, are the velocities in the θ and ϕ directions averaged in the normal
direction. Application of shallow water models to large scale problems (of the order of 1000’s of
km) requires the use of spherical coordinates: this is the case, for instance, of the simulation of the
propagation of a Tsunami wave through the ocean.

Although the PDE system is similar to the Shallow Water equations in cartesian coordinates,
the source terms are different. As a consequence, the derivation of numerical methods that preserve
water at rest solutions is not as straightforward as in that case. In [1], we first derive a first order
path-conservative well-balanced HLL solver on the basis of an adequate choice of variables and a
suitable family family of paths. Next, this scheme is extended to a second order well-balanced HLL-
WAF method. The extension to well-balanced methods with arbitrary order of accuracy will be also
discussed. Some numerical tests will be shown where the properties of the numerical methods will be
shown.

References

[1] M.J. Castro, S. Ortega, and C. Parés. Well-balanced methods for the shallow water equations in
spherical coordinates, Comp. & Fluids, 157 (2017), 196–207.
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Gauss Wave Packet Transform methods for the Schödinger and for the
wave equation

Giovanni Russo
Department of Mathematics and Computer Science

University of Catania

When approaching the semiclassical limit, solutions to the Schrödinger equation become highly os-
cillatory. Direct solution of the Schrödinger equation becomes more and more challenging, because
resolving small scales requires a fine discretization in space. Gaussian Wave Packets (GWP) are at
the same time exact solutions of the multidimensional Schrödinger equation with harmonic potential,
and asymptotic approximations when the rescaled Planck’s constant ε → 0. The deviation between
exact solutions and Gaussian wave packets is O(

√
ε). For fixed non vanishing value of ε, GWP’s may

not be sufficiently accurate. Higher order GWP have been developed, but such approaches are still
asymptotic in nature, and their accuracy does not necessarily improve, for fixed ε, when increasing the
order.

The first part of the talk is dedicated to the Schrödinger equation.
A novel approach has been recently introduced [1, 2], which is based on the ansatz that the wave

function is a modulated GWP: ψ(x, t) = w(η, t) exp(iθ/ε), where the highly oscillatory phase de-
pends on time varying parameters satisfying a set of ODE’s, while the modulation w satisfies a new
Schrödinger equation, which is much less oscillatory than the original Schrödinger equation for ψ, and
the rescaled space variable η is related to physical space x by a suitable time-dependent transforma-
tion. Indeed, the new equation for w is a perturbation of a harmonic oscillator (with time dependent
coefficients), with a perturbative potential which is O(

√
ε), thus making the equation simpler and

simpler, as the semiclassical limit is approached.
At variance with GWP, the new approach is exact, thus allowing arbitrarily accurate solutions.
Several numerical tests have been performed using a very effective fourth order splitting method,

suitably adapted from a method originally developed by Chin and Chen for the standard linear
Schrödinger equation [3]. Fourier-spectral discretization in space guarantees spectral accuracy in space,
while the smoothness of the modulation w allows accurate solutions with a very small number of grid
points.

The methodology has then been extended to the Schrödinger equation in presence of vector potential
[4]. In such a case, the same ansatz leads to an equation for the modulation w, which contains a
convective term. Such a term can be treated by a semi-lagrangian method, which relies on Fourier
interpolation, thus maintaining spectral accuracy. Two splitting approaches are proposed: a three-step
method (kinetic, convection, and potential steps) and a two-step method (kinetic step and convection-
potential step). Stability analysis of the methods is presented.

Several numerical tests on one and several space dimensions assess the efficiency and accuracy of
the approach.

In the second part of the talk we present the application of the method to the computation of
high frequency solutions for the wave equation on a medium with slowly varying refraction index. The
first step is to perform a polar decomposition of the equation, and to write, formally, a one way wave
equation. Such equation is written in a periodic domain making use of a pseudo differential operator,
which admits a formal asymptotic expansion in inverse power of the wave frequency. Few terms of
the expansion are sufficient to approximate the equation to high accuracy. Then the GWP ansatz is
inserted into the truncated one way wave equation, and a new equation for the modulation is obtained,
whose solutions are much less oscillatory than in the case of the original equations. Several numerical
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tests are shown, illustrating the huge computational savings of the new approach. The paper is still
in preparation.

References

[1] G.Russo, and P.Smereka, The Gaussian wave packet transform: Efficient computation of the
semi-classical limit of the Schrödinger equation. Part 1. Formulation and the one dimensional
case, J. Comput. Phys., 233 (2013), 192–209.

[2] G.Russo, and P.Smereka, The Gaussian wave packet transform: Efficient computation of the
semi-classical limit of the Schrödinger equation. Part 2. Multidimensional case, J. Comput.
Phys., 257 (2014), 1022–1038.

[3] S.A. Chin and C.R. Chen, Fourth order gradient symplectic integrator methods for solving the
time-dependent Schrödinger equation, J. Chem. Phys., 114 (2001), 7338–7341.

[4] G. Russo, Z. Zhou, The Gaussian wave packets transform for the semi-classical Schrödinger
equation with vector potentials, arXiv:1802.03705. Submitted.
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