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Week 2: May 28-31, 2018

Stability at high Reynolds number

Jacob Bedrossian
University of Maryland at College Park

Recently, understanding the dynamics of the Navier-Stokes and Euler equations near shear flows and
other laminar equilibria has gone through a bit of a Renaissance lately. The purpose of this course
is not to bring the students up to speed with the most recent developments, nor will it attempt to
survey the entire subject. Instead, we will focus on understanding some of the underlying principles
that are subtle and hard to grasp from the outside. In doing so, we will recall classical ideas from the
late 1800’s and early 1900’s brushing on the work of Rayleigh, Orr, and Kelvin, then we will jump
to the 1960’s with the work of Arnold, and finally we will jump to the 2D works on the Couette flow
[1, 2] similar related works. We will focus on the 2D case, as the theory is better developed there and
the various subtleties are more clearly illuminated. References and some brief discussions of the 3D
case will be provided. References on more general topics, such as the presence of boundaries and more
complicated equilibria, will be provided as well.

References

[1] BM13 J. Bedrossian and N. Masmoudi, Inviscid damping and the asymptotic stability of planar
shear flows in the 2D Euler equations, Publ. math. de l’IHÉS, 122 (2015), 195–300.

[2] BMV14 J. Bedrossian, N. Masmoudi, and V. Vicol Enhanced dissipation and inviscid damping
in the inviscid limit of the NavierStokes equations near the two dimensional Couette flow, Arch.
Rat. Mech. Anal. 219 no. 3 (2016), 1087–1159.
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Week 2: May 28-31, 2018

Interface dynamics for incompressible fluids

Diego Córdoba
ICMAT - Instituto de Ciencias Matemáticas

The goal of these lectures is to review the main ideas and arguments of recent results concerning
global solutions and finite time singularities for interface dynamics. In particular we will discuss
contour dynamics that are given by basic fluid mechanics systems; Euler’s equation, Darcy’s law and
the Surface Quasi-geostrophic equation. These give rise to problems such as water waves, Muskat, and
the evolution of sharp fronts of temperature.
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Week 3: June 4-8, 2018

Mathematical approach for different description of simple fluids

Claude Bardos
Laboratory Jacques Louis Lions, Denis Diderot University branch

I intend to start by a formal light, may be historical, description of the hierarchy of equations
ranging from the Newton Law for particles to the ε− κ model for turbulence.

Then I will describe some but not all of the tools which are use to prove some of the above
statements:

1. The notion of dissipative solutions as introduced by Dafermos and Di Perna.

2. The averaging Lemma of Golse Lions Perthame and Sentis.

3. The entropy estimates.

4. The Beltrami Flows as used in the contribution of Buckmaster and Vicol for the construction of
wild solution of the Navier-Stokes equations.
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Week 3: June 4-8, 2018

Spatial intermittency of the regions of intense vorticity and the
Navier-Stokes regularity problem

Zoran Grujić
University of Virginia

The purpose of this mini-course is to introduce a mathematical framework for the study of the Navier-
Stokes (NS) regularity problem based on the suitably defined scale of ‘sparseness’ of the regions of
intense vorticity.

The motivation comes from the basic principles of turbulence phenomenology as well as the com-
putational simulations of turbulent flows indicating that–in the nonlinear regime–a typical scale of the
regions of intense vorticity (the enstrophy ‘containers’) exhibits a cascade from larger to smaller scales
(for a mathematical evidence, see [2]). Once a sufficiently small scale is reached, the diffusion takes
over the nonlinearity and the flow is dissipated.

In [1], ”the regions of intense vorticity” were defined as the super-level sets of the vorticity magni-
tude, while in [3] as the super-level sets of the positive and negative parts of the vorticity components.
At the first glance, this may not look like a significant enough difference; however, the results pre-
sented in [3] showed that within this realm, it is in fact possible to achieve the scaling reduction of the
super-criticality of the NS regularity problem.

References

[1] A Z. Grujić, A geometric measure-type regularity criterion for solutions to the 3D Navier-Stokes
equations, Nonlinearity, 26, (2013), 289–296.

[2] R. Dascaliuc and Z. Grujić, Coherent vortex structures and 3D enstrophy cascade, Comm. Math.
Phys., 317, (2013), 547–561.

[3] Z. Bradshaw, A. Farhat and Z. Grujić, An algebraic reduction of the ‘scaling gap’ in the Navier-
Stokes regularity problem, https://arxiv.org/abs/1704.05546 (2017).
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Week 3: June 4-8, 2018

Towards complex/structured fluids

Josef Malék
Charles University Faculty of Mathematics and Physics Mathematical Institute

Most fluid-like substances, such as geomaterials, biofluids and polymeric liquids, are complex fluids
exhibiting intricate nonlinear rheological response and structures. The first aim of the talk is to present
unified novel viewpoints how to describe the responses of such materials. A particular attention will
be devoted to the mechanical and thermodynamical underpinnings of the considered models and their
consequences towards the long-time and large-data existence of generalised (weak) solutions of relevant
initial and boundary value problems. The second aim of the talk is to present larga data analysis for
one robust class of such fluids.

This minicourse is based on several original as well as survey papers written jointly with several
colleagues, Jan Blechta, Miroslav Buĺıček, Vı́t Pr̊uša, K. R. Rajagopal, Ondřej Souček, Endré Süli,
Karel Tůma, and our students. Some of these papers concern transparent derivation of the mathe-
matical models within the framework of continuum thermodynamics (see [1, 2, 3, 4, 5] below); others
are focused on PDE analysis (see [6, 7, 8, 9, 10]) and finally, the papers [11, 12, 13, 14] aim to solve
technologically interesting problems.

[1] J. Málek, V. Pr̊uša, Derivation of equations of continuum mechanics and thermodynamics of
fluids, Handbook of Mathematical Analysis in Mechanics of Viscous Fluids, (eds.Y. Giga, A.
Novotný) available online, DOI: https://doi.org/10.1007/978-3-319-10151-4 1-1 (2016).

[2] J. Málek, K.R. Rajagopal, Mathematical issues concerning the Navier-Stokes equations and some
of its generalizations, Handb. Differ. Equ., Evolutionary Equations, Volume 2 (Eds: C. Dafer-
mos, E. Feireisl) (2005), Elsevier/North Holland, Amsterdam, 371–459.

[3] J. Málek, K.R. Rajagopal, Mathematical properties of the equations governing the flow of fluids
with pressure and shear rate dependent viscosities, Handbook of Mathematical Fluid Dynamics,
Volume 4 (Eds: S. Friedlander, D. Serre) (2006), Elsevier B. V., Amsterdam, 407–444.

[4] J. Málek, K.R. Rajagopal, K. Tůma, On a variant of the Maxwell and Oldroyd-B models within
the context of a thermodynamic basis, International Journal of Nonlinear Mechanics, 76 (2015),
42–47.

[5] J. Málek, V. Pr̊uša, T. Skřivan, E. Süli, Thermodynamics of viscoelastic rate-type fluids with
stress diffusion, Physics of Fluids, 30(2):023101 DOI: 2018. 10.1063/1.5018172. (2018).

[6] M. Buĺıček, P. Gwiazda, J. Málek, A. Świerczewska-Gwiazda, On unsteady flows of implicitly
constituted incompressible fluids, SIAM J. Math. Anal. 44 (2012) 2756–2801.

[7] M. Buĺıček, J. Málek On unsteady internal fows of Bingham fuids subject to threshold slip on
the impermeable boundary, (Eds. H. Amann, Y. Giga, H. Okamoto, H. Kozono, M. Yamazaki),
Recent Developments of Mathematical Fluid Mechanics, Birkhäuser/Springer, Basel, 2016, 135-
156.

[8] M. Buĺıček, J. Málek, V. Pr̊uša, E. Süli: On the analysis of a class of thermodynamically com-
patible viscoelastic fluids with stress diffusion, Contemporary mathematics, to appear (2018).
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[9] M. Buĺıček, J. Málek, Internal flows of incompressible fluids subject to stick-slip boundary con-
ditions, Vietnam Journal of Mathematics 45 (2017), 207–220.

[10] E. Maringová, J. Žabenský: On a Navier-Stokes-Fourier-like system capturing transitions be-
tween viscous and inviscid fluid regimes and between no-slip and perfect-slip boundary conditions,
Nonlinear Analysis: Real World Applications 41 (2018) 152-178.

[11] J. Málek, K.R. Rajagopal, K. Tůma, A thermodynamically compatible model for describing the
response of asphalt binders, International Journal of Pavement Engineering 16(4) (2015) 297–314.

[12] J. Málek, K.R. Rajagopal, K. Tůma, A thermodynamically compatible model for describing as-
phalt binders: solutions of problems, International Journal of Pavement Engineering, 17(6) (2016)
550–564.

[13] K. Tůma, J. Stein, V. Pr̊uša, E. Friedmann, Motion of the vitreous humour in a deforming eye–
fluid-structure interaction between a nonlinear elastic solid and a nonlinear viscoleastic fluid,
Appl. Math. Comput. 335 (2018) 50–64.

[14] A. Janečka, J. Málek, V. Pr̊uša, G. Tierra, Numerical scheme for simulation of transient flows
of non-Newtonian fluids characterised by a non-monotone relation between the symmetric part
of the velocity gradient and the Cauchy stress, Acta Meccanica (2018), to be submitted.
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