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Introduction

We consider the Navier-Stokes problem

ut + u · ∇u +∇πu = ∆u, ∇ · u = 0, in (0,T )× Ω,

u = 0 on (0,T )× ∂Ω, u(0, x) = u0(x) on {0} × Ω,
(1)

where u is the kinetic field and πv is the pressure field

u · ∇u := uk
∂
∂xk

u,

Ω ⊂ Rn can be an exterior domain, ∂Ω smooth, Rn
+ or Rn, n = 2, 3.



Introduction

It is well known that the existence of global solutions is usually achieved in

the L2-setting, and it is based on the energy relation.

However very recently the study in a Lp-setting is considered, with p ∈ (2,∞].

I There are physical and mathematical motivations for an Lp-theory with

p > 2, connected with fact that the L2-norm cannot be assumed finite.

I We do not go into the matter of these questions.

I However, concerning the questions, I would like to submit to your
attention the following ones that I believe to be as the first in the matter:

I one of the first (1957), but very critical, is posed by J.Kampé de
Fériet,

I another by R.Finn (1961).

For both the questions I shortly show some known results.

I Finally, I give some results concerning the L∞-theory for

non decaying data.



Introduction

In some lectures by Kampé de Fériet (Problemes mathematiques de la
theorie de la turbulence homogene 1957, Springer), we find

“Dans le cas du fluide incompressible, sans frontières, remplissant

tout l’espace, nous possédons, il est vrai, les recherches tres

importantes et tres profondes de J. Leray; mais elles sont,

malheureusement, inutilisables comme point de départ d’une ètude de

la turbulenced homògene; en voici les raison...”
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Introduction

“La force vive du fluide contenute dans un domine D de l’espace:∫
D
|v(t , x)|2dx

s’introduisant naturellment dans tout problèm de Mécanique des

fluides, on doit nécessairement suopposer que cette intégrale a un

sens, c’est à dire que v(t , x) ∈ L2(D), pour tout doamine fini D.

A tout instant t > 0, cette condition est, bien entendu, satisfaite si

nous imposons la condition plus forte v(t , x) ∈ C(D); par contre, à

l’instant initial, nous avons le choix, et c’est une hypothèse que de

poser”:

v0 ∈ L2(D), pour tout D fini.



Introduction

“Mais Leray va plus loin: il postule que la force vive totale du fluide

est finite, c’est à dire qu’il choist comme prémisses:

v0 ∈ L2(R3), v(t , x) ∈ L2(R3) pour tout t > 0.

... Or la notion de turbulence homogéne s’oppose à considérer la force

vive totale come finie; des functions v(t , x), periodiques en x, doivent

pouvoir entrer, comme cas particulier, dans le cadre général des

champs de vecteurs spatialment homogènes; dans ce cas, l’intégrale:∫
R3
|v(t , x)|2dx

ne saurait être finie.”



Introduction

Therefore Kampé de Fériet suggests an assumption of the kind L2
`oc(Ω) and

looking for a countable family of semi-norms

||v(t)||2L2(DN ) =

∫
DN

|v(t , x)|2dx , N ∈ N;

here DN = {x : x ∈ R3 e |x | < N}.

Apart of the criticisms connected with the incompatibility between

homogenous turbulence and finite kinetic energy, I believe that we can say

that the Leray’s essay is a milestone for the Navier-Stokes equations, and

more in general for PDEs.



An L2
`oc-setting in place of the L2-setting

At least in the case of local (in time) existence, a good answer to the above

problems is given by Lemarié-Rieusset in

Recent development in the Navier-Stokes problem, CHAPMAN &

HALL/CRC (2002).



An L2
`oc-setting in place of the L2-setting

Set

||u||2L2
`oc (R3) := sup

x0∈R3

∫
|x−x0|<1

|u(x)|2dx .

Definition 1 (local Leray solution)

For all u0 ∈ L2
`oc(R3) with ∇ · u0 = 0, a field u : (0,T )× R3 → R3 is said a

weak solution to the Navier-Stokes Cauchy problem associated to u0 if

I u solves the Leray weak formulation of (1),

I for all t ∈ (0,T ), sup
s<t
||u(s)||2L2(R3) <∞,

I for all t < T ,
t∫

0
sup

x0∈R3

∫
|x−x0|<1

[
|∇u|2 + |p|

3
2

]
dxds <∞,

I the CKN-energy inequality holds for u,

I for all compact set K ⊂ R3 lim
t→0

∫
K
|u − u0|2dx = 0.



An L2
`oc-setting in place of the L2-setting

Teorema 1 (Lemarié-Rieusset)

For all u0 ∈ L2
`oc(R3) with ∇ · u0 = 0, there exist a positive real number T and

a local Leray solution u on (0,T )×R3 for the Navier-Stokes Cauchy problem.

Teorema 2 (L-R)

For all u0 ∈ E2(R3) with ∇ · u0 = 0, then the solution given in Theorem7

belongs to L∞((0,T ),E2), for all T <∞, and lim
t→0
||u(t)− u0||L2

`oc (R3) = 0.

In the above theorem

E2 := completion of C∞0 (Ω) in L2
`oc(R3) .

One gets

u ∈ E2 ⇔ u ∈ L2
`oc(R3) and lim

x0→∞

∫
|x−x0|<1

|u(x)|2dx = 0 .



An L2
`oc-setting in place of the L2-setting

The extension of the above results to the IBVP in (0,T )× Rn
+, n = 2, 3,

together with interesting connections with the blow up of the solutions are

given in some very recent papers:

Maekawa Y., Miura H., and Prange C., Local energy weak solutions for the

Navier-Stokes equations in the half-space, ArXiv:1711.044862v2.

Maekawa Y., Miura H., and Prange C., Estimates for the Navier-Stokes

equations in the half-space for non localized data, ArXiv:1711.01651.

Prange C., Infinite energy solutions to the Navier-Stokes equations in the

half-space and applications, ArXiv, 1803.02068.



The Finn’s framework to the steady solutions as limit of unsteady solutions

Another important reason for an Lp-theory (p > 2) is suggested by the

physically reasonable (PR) solutions introduced by Finn.

It is well known that the BVP

−∆w + w · ∇w +∇πw = 0 and ∇ · w = 0 in Ω,

w = 0 on ∂Ω, w → w∞ for |x | → ∞,
(2)

w∞ := (w∞, 0, 0) is a given constant vector, Ω ⊂ R3, exterior domain, ∂Ω

smooth,

is assumed as model to describe the steady flow of an incompressible

homogeneous fluid observed from a frame attached to a rigid body B ≡ Ωc

moving with uniform velocity −w∞ with respect to the inertial frame of the

fluid.



The Finn’s framework to the steady solutions as limit of unsteady solutions

I recall:

I The drag, that is the fluid net force on the body:

T :=

∫
∂Ω

T (w , π) · ndσ , (n is the normal to ∂Ω).

I The energy relation of the fluid in steady motion:∫
Ω

∇w · ∇w + w∞ ·
∫
∂Ω

T (w , πw ) · n = 0 .



The Finn’s framework to the steady solutions as limit of unsteady solutions

I recall:

I The drag, that is the fluid net force on the body:

T :=

∫
∂Ω

T (w , π) · ndσ , (n is the normal to ∂Ω).

I The energy relation of the fluid in steady motion:∫
Ω

∇w · ∇w + w∞ ·
∫
∂Ω

T (w , πw ) · n = 0 .



The Finn’s framework to the steady solutions as limit of unsteady solutions

It is also well known that problem (2) is well posed in the so called set of PR

solutions detected by Finn. A PR solution admits the representation formula:

w(x)− w∞ = T · E(x) +

∫
Ω

(w(y) · ∇w(y)) · E(x − y)dy + F(x) ,

where E(x) is the Oseen tensor and F(x) ∈ Lq(Ω), q ∈ ( 3
2 ,∞], is a suitable

function. One of the consequences of the formula is

w(x)− w∞ ∈ L2(Ω) if, and only if, T = 0,

and

for T 6= 0 , |w(x)− w∞| ≤ c|x |−1, for all x ∈ Ω .

Since T = 0 means no drag, for our problem T = 0 means a dynamics which

is physically unreasonable,

I we conclude that problem (2) is well posed mathematically and

physically if the kinetic energy of the fluid is not finite.



The Finn’s framework to the steady solutions as limit of unsteady solutions

The above considerations lead to look for a Lp (for some p > 2) class of

existence for the Navier-Stokes initial boundary value problem:

vt + v · ∇v +∇πv = ∆v + h′w∞, ∇ · v = 0 in (0,T )× Ω,

v = 0 on (0,T )× ∂Ω , v = v◦ on {0} × Ω,

for t ∈ (0,T ) v → h(t)w∞ for |x | → ∞,

(3)

where h(t) is a smooth function.

I Problem (3) is the unsteady counterpart of the steady problem (2).

The question is to prove that asymptotically in time the solutions of problem

(3) achieves the solution of problem (2).

Very recently in a paper jointly with T.Hishida (see on line JMFM (2018)) we

give a contribution to the question.
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The Finn’s framework to the steady solutions as limit of unsteady solutions

We set the assumption on data:

λ ∈ (0, 1) , h(t) ∈ C1,λ([0,∞)) , h(t) = 1 for all t ≥ T0 , (4)

v0 := u0 + h(0)w∞ ,

u0 ∈ L0(3,∞):= completion of C∞0 (Ω) in L(3,∞),

with ∇ · u0 = 0 w.s. in Ω , and n · (u0 + h(0)w∞) = 0 on ∂Ω .

(5)

Teorema 3 (starting case)

There exists a constant δ > 0 with the following property: if w∞ ∈ R3 − {0}
and |w∞| ≤ δ, then there exists a unique solution (w , πw ) to the steady

Navier-Stokes problem (2). Moreover, for all u0 and h(t), verifying (4) and (5)

respectively, there exists a suitable weak solution v to the unsteady

Navier-Stokes problem (3) such that

lim
t→∞
||v(t)− w ||∞ = O(t−

1
2 ). (6)

“Starting case” because there is also the “landing case”!
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The matter of the talk: L∞-setting, the state of the art

We arrive at the last and chief step of this talk, that is the L∞-setting for non

decaying data.

Non decaying data a priori means that for t > 0 the solution is bounded and

does not decay.

This make the difference not only with respect to a Lp-theory, but also with

respect to the metric of E2 introduced by Lemarié-Rieusset.

I start with some references on the topic. It is suitable to distinguish between

the question of the existence and of the uniqueness.



L∞, questions of uniqueness

After the pioneering works on existence for the Cauchy problem by Knightly

(1972), and uniqueness in exterior domains by Galdi & Rionero (1983) and

Galdi & Maremonti (1986), the uniqueness for the Cauchy problem in the

class of non-decaying solutions has been considered in several papers:

Giga, Inui & Matsui (1999); Giga, Inui, J.Kato & Matsui (2001); J.Kato (2003);

Kukavica (2003); Maremonti (2009 and 2011).

Actually, in the set of non decaying solutions, we can give, for the Cauchy

problem, an explicit example of non-uniqueness of the null solution in any

space dimension n ≥ 2.

A typical example (Muratori 1971) is the following:

v = (a(t), 0, ..., 0), πv = −a′(t)x1, t ∈ (0,T ),

a ∈ W 1,1(0,T ). Then, uniqueness is violated by selecting, for example,

a(0) = 0.



L∞, questions of uniqueness

I point out that, more than to the lack of a global finite kinetic energy, the

occurrence of such “anomalous” solutions is due to the circumstance that the

pressure field does grow “sufficiently fast” at large (spatial) distances.

In particular, we have

πv = O(|x |), as |x | → ∞, somehow equivalently,∇πv is bounded.

The digression on the uniqueness, apart from the specific interest, is also

important in order to understand why some authors look for nondecaying

solutions “taking care of the behavior” of the pressure field.

This is our point of view, actually we prove that

for some µ ∈ (0, 1), |πv (t , x)| = P(t)O(|x |µ) , t > 0, x ∈ R2
+ .

For the 3D weak solutions the estimate for the pressure field is not pointwise.



L∞-setting for the existence

Also for the existence I would like to give a short “reference’s history”.

The problem of the existence with non-decaying data has been considered by

several authors. For n ≥ 2 and local existence, the first contributions go back

to the papers: Giga, Inui & Matsui (1999); Giga, Matsui & Sawada (2001);

Lemarié-Rieusset (2002); Maremonti (2009, 2014); Galdi, Maremonti & Zhou

(2012).

But a special interest involves the case of global existence.

In this connection it is important to distinguish the 2D problem from the 3D
problem.



L∞-setting for the existence

A natural setting of the problem is the function space L∞((0,T )× Ω). Not

only the well posedness of the problem is important, but it is also important to

give a time pointwise estimate of ||v(t)||∞.

It is important to stress that at least in the two dimensional case the

questions can be considered, roughly speaking, independent.

For both the questions a first contribution to the 2D Navier-Stokes Cauchy

problem is given by Giga, Matsui & Sawada (2001), and an improvement by

Sawada & Taniuchi (2007), that is

||v(t)||L∞(R2) = O(exp t) , t > 0 . (7)



L∞-setting for the existence

However, the best pointwise estimate up to day is obtained by Gallay (2014):

||v(t)||L∞(R2) ≤ c||v0||L∞(R2)(1 + ct ||v0||L∞(R2)), for all t > 0, (8)

and it is based on a result by Zelik (2013) who deduces local estimates in the

spaces L2
`oc(R2) and E2(R2) of the solutions to the Cauchy problem.

However all these results concern the Navier-Stokes Cauchy problem.



L∞-setting for the existence

A natural investigation is the case of the IBVP in half-space (⊂ Rn
+, n = 2, 3)

and in exterior domains Ω (⊂ Rn, n = 2, 3) .

In this sense a first contribution is given by Abe (2016) for the IBVP in exterior

domains Ω (⊂ R2), v0 ∈ L∞(Ω), but in this case it is just a local existence

result.

Subsequently Abe (2018) considers the case of the half-plane but under the

assumption v0 ∈ L∞(R2
+) and ||∇v0||L2(R2

+) <∞.

The latter assumption in the half-plane implies a decay from the viewpoint of

Hardy’s inequality.



L∞-setting for the existence

Jointly with S.Shimizu, we give two contributions to the questions left open by

Abe in his papers.

In order of time, we solve the problem of the global existence in exterior

domains Ω ⊆ R2 (JMFM, 2017). Subsequently, we solve the case of the

half-plane (ArXiv 1801.08411v1) .



L∞-setting for the existence

For the 2D-IBVP of (1), Ω exterior, we get

Teorema 4
Let v0 ∈ L∞(Ω) be divergence free in the weak sense, and v0 · ν = 0. Then

there exists a unique solution (v , πv ) to problem (1) such that

for all T > 0, v ∈ Cw ([0,T ); L∞(Ω)), v , vt ,D2v ,∇πv ∈ C((0,T )× Ω)

and, for a suitable ε, µ ∈ (0, 1), smooth functions F and h, we get

|πv (t , x)| ≤ ct−µ|x |εF (||v0||∞, h(t)), for all (t , x) ∈ (0,T )× Ω,

for Ω ≡ R2, ε = µ ∈ (0, 1) arbitrary.



Theorem 4: the strategy of the proof

The basic idea is to give a theorem of extension for one of the local in time

solutions obtained in

K. Abe, Exterior Navier-Stokes flows for bounded data, Math. Nachr. 290(7),

(2017).

P.M., Non-Decaying Solutions to the Navier-Stokes Equations in Exterior

Domains, Acta Appl Math, 132 (2014).

In both the papers it is proved a local in time existence theorem, weak in a

special sense in Abe’s paper, regular in the second one.

In any case for both we can state:

Teorema 5
Let v0 ∈ L∞(Ω) be divergence free in the weak sense, v0 · ν = 0. Then there

exist a T0 and a unique weak solution to problem (1) such that

v ∈ Cw ([0,T0); L∞(Ω)) ∩ C0,λ2 (η,T0; C1,λ(Ω)).



Theorem 4: the strategy of the proof

The smooth extension of the above solutions is given by the following result

proved in the first paper by P.M. & S.S.

Teorema 6
Let v0 ∈ BUC(Ω) and ∇v0 ∈ L∞(Ω), divergence free a.e. in Ω and v0 = 0 on

∂Ω. Then for all T > 0 there exists a unique solution (v , πv ) to problem (1)

such that

v ∈ C([0,T )× Ω), vt ,D2v ,∇πv ∈ C((η,T )× Ω).

The first step of the strategy is now clear: we start with a data in ṽ0 ∈ L∞(Ω);

then, since Theorem 5 ensures ṽ (̃t , x) ∈ C1,λ(Ω) and ṽ (̃t , x) = 0 on ∂Ω, for

all t̃ ∈ (0,T0), we can extend the solution ṽ for all t > t̃ by means of

Theorem 6 and the extension is a regular solution.



Theorem 4: the strategy of the proof

Now we have to show in what way the extension takes place.

In order to prove the existence of solution (v , πv ) of Theorem 6 we look for

v := U + W , where U solves the Cauchy problem with initial data v0 and W is

the correction of U 6= 0 on (0,T )× ∂Ω.

Actually, we construct W := V + w , where V is a smooth field with compact

support in Ω whose L∞-norm shares the same bound of U, and w solves

wt −∆w + w · ∇w + (U + V ) · ∇w + w · ∇(U + V )

+V · ∇(U + V ) + U · ∇V +∇πw = −Vt + ∆V ,

∇ · w = 0 in (0,T )× Ω,

w = 0 on (0,T )× ∂Ω,

w = 0 on 0× Ω.

The advantage of the above decomposition is that, for the solution (w , πw ),

we can employ the L2-theory that, in 2-D, furnishes global existence of

regular solutions.



If the existence has the key tool in the L2-theory, the fact that w arises from a

L2-theory causes difficulties in obtaining the regularity

v ∈ C([0,T )× Ω),

quite natural in a L∞-setting.



Theorem 4: the strategy of the proof

It is clear that our approach separates the question of the existence and

uniqueness of the solutions to the IBVP (1) from the one, not less important,

of an estimate of the solutions in ||v(t)||∞.

Actually we realize the estimate, but it is very involved, since we have to

estimate

1) ||U(t)||∞,

2) ||V (t)||∞,

3) ||w(t)||∞.



Theorem 4: the strategy of the proof

1) for U we employ the existence by Giga & al., and the estimate by

Gallay, hence

||U(t)||L∞(R2) ≤ c||v0||L∞(R2)(1 + ct ||v0||L∞(R2)), for all t > 0 ,

2) since the auxiliary function V the estimate is obtained by means of the

MMT (steady Stokes problem), hence

||V (t)||L∞(Ω) ≤ c||U(t)||L∞(∂Ω) ≤ c||v0||L∞(R2)(1+ct ||v0||L∞(R2)), for all t > 0,

3) for ||w(t)||∞ the question is more involved, because we investigate the

L∞-norm by means of the Sobolev imbedding theorem of W 2,2(Ω),

hence the final result for ||w(t)||∞ is an estimate by means of a double

exponential function exp[exp t ].



Theorem 4: the difficulty to consider the IBVP in R2
+

The approach used for the exterior domain does not work in the case of the

half-plane, more in general for unbounded boundary. The reason is that we

are not able to make the extension V sufficiently regular and with compact

support.

This leads to a change of the proof.

We point out that we are not able to apply the new proof in the case of an

exterior domain.

The new strategy of proof allows us to solve the half-plane case, but it also

allows us to prove existence of weak solutions for the Cauchy and for the

IBV problem by means of special data also in the case of n = 3.



Statement of the results in the case of Rn and Rn
+ for n = 2,3

We introduce some notation:

Ω can be Rn or Rn
+ , n = 2, 3 , Ẇ 1,q(Ω) := {u : ||∇u||q <∞},

Jq
0 (Ω) := completion of C0(Ω) in Ẇ 1,q(Ω) .

Teorema 7
Let n = 2. Let u0 ∈ L∞(Ω) ∩ Jq

0 (Ω) , q ∈ [2,∞). Then there exists a unique

solution (u, πu) to problem (1) such that

for all T > 0, u ∈ C([0,T )× Ω) ∩ C(0,T ; C2(Ω)),

ut ,∇πu ∈ C((0,T )× Ω) ,

up to a function c(t), |π(t , x)| ≤ P(t)|x |µ, µ ∈ (0, 1), for all t > 0 and x ∈ Ω ,

where, for all ε > 0 and T > 0 , c(t),P(t) ∈ C(ε,T ) ∩ Ls(0,T ) for a suitable

s > 1.



Comparing Theorem 7

For q = 2, Theorem 7 just reproduces the result given by Abe (ARMA 2018).

Different is the comparison with the results by Maekawa & al. (2018).

Actually the initial data are not comparable in the sense that

I since our data is more regular, it belongs to L2
`oc(Ω), but a priori does

not admit limit at infinity. hence it is a non decaying data;

I in the case of Maekawa & al. the initial data is assumed in E2, so that it

is weak, but it suitably tends to zero at infinity. Hence it is a decaying

data.



Statement of Theorem 7 in 3D
J2 :=completion of C0 in L2, J1,2 :=completion of C0 in W 1,2 ,

Jq
0 (Ω) := completion of C0(Ω) in Ẇ 1,q(Ω).

Teorema 8
Let n = 3. Let u0 ∈ L∞(Ω) ∩ Jq

0 (Ω) , q ∈ [3,∞). Then there exists a field

u : (0,∞)× Ω→ R3 which is a solution in the distributional sense to problem

(1). Moreover, set k the greatest integer less than or equal to log2
q
2 , we get

u = U +
k+1∑̀

=1
v` + w , for all T > 0 ,

πu := πU +
k+1∑̀

=1
πv` + πw , for all T > 0 ,

where

U, v` ∈ C([0,T )× Ω) ∩ C(0,T ; C2(Ω)), Ut , v`t ,∇πU ,∇πv` ∈ C((0,T )× Ω) ,

w ∈ L∞(0,T ; J2(Ω)) ∩ L2(0,T ; J1,2(Ω)), πw ∈ L
5
4 ((0,T )× Ω) .

Finally, the solution u is strongly continuous to the initial data:

lim
t→0
||u(t)− u0||∞ = 0 . (9)

After I give the comment on property (9).



Comparing Theorem 8

For q = 2, Theorem 8 just reproduces a special case given by Maremonti

(Ann. Un. Ferrara, 2014).

Different is the comparison with the result by Lemarié-Rieusset (2002).

There are the same remarks developed for the result by Maekawa & al..

That is the initial data are not comparable in the sense that

I since our data is more regular, it belongs to L2
`oc(Ω), but a priori does

not admit limit at infinity, hence it is a non decaying data;

I in the case of Lemarié-Rieusset the initial data is assumed in E2, so that

it is weak but tends to zero at infinity, hence is a decaying data.



The idea of the proof

The arguments related to the proof are the same in the 2D and 3D cases.

Firstly we introduce a finite set of functions, each is solution of a suitable

Navier-Stokes linearized problem.

The number of the functions depends on q.

By k we mean the greatest integer less than or equal to log2
q
2 . The first

element of the set is the solution to the Stokes problem:

Ut +∇πU = ∆U, ∇ · U = 0 in (0,T )× Ω ,

U = 0 on (0,T )× ∂Ω , U = u0 on {0} × Ω .
(10)

Then, for k ≥ 1, we set for h = 1, . . . , k

vh
t −∆vh +∇πvh = −

h−1∑̀
=0

w` · ∇vh −
h−1∑̀

=0
vh · ∇w` − F h ,

∇·vh = 0 in (0,T )× Ω,

vh = 0 on (0,T )× ∂Ω, vh = 0 on {0} × Ω,

(11)

with Ω ⊆ R2, w0 := U, w` := v` for ` = 1, . . . , h − 1 and F h := vh−1 · ∇vh−1 .



The idea of the proof

Finally, we determinate

wt −∆w +∇πw = −w · ∇w −
k∑̀
=0

w` ·∇w − w ·∇
k∑̀
=0

w`− F ,

∇·w = 0 in (0,T )×Ω,

w = 0 on (0,T )× ∂Ω, w = 0 on {0} × Ω,

(12)

where w0 := U, w` := v`, ` = 1, . . . , k , and

F := v k · ∇v k ∈L2(0,T ; L2(Ω).

It is easy to image that

u = U +
k∑̀
=1

v` + w , for all T > 0 ,

πu := πU +
k∑̀
=1
πv` + πw , for all T > 0 ,

is a solution to (1) in a suitable sense.



The idea of the proof

What is the strategy?

We solve in increasing order of integer h the linearezed problems (10) and

(11). For n = 2, assume for simplicity q > 2.

I u0 ∈ L∞(Ω) ∩ Jq
0 (Ω)⇒ U ∈ C((0,T )× Ω) ∩ L∞(0,T ; Jq

0 (Ω))

⇒ F 1 := U · ∇U ∈ Lq(0,T ; Lq)) .

I Hence to the step 1, the linearezed problem (11) has sufficiently smooth

coefficient and data F 1. Hence we get a solution

v1 ∈ C(0,T ; W 1,q(Ω))⇒ F 2 := v1 · ∇v1 ∈ L
q
2 (0,T ; L

q
2 (Ω)).

I And so on

I We stop the process when q
2k ≥ 2 > q

2k+1 , because now we get

v k+1 ∈ C(0,T ; W 1, q
2k (Ω))⇒ F := v k+1 · ∇v k+1L2(0,T ; L2(Ω)).

I We solve the nonlinear problem (12) for w by means of the L2-theory.



The idea of the proof

If n = 2, the above construction starts from q > 2 and ensures a regular

solution (u, πu).

If n = 3, the above construction starts from q > 3, and since in the last step

(w , πw ) is a L2-weak solution, also (u, πu) is a weak solution.



A remark on Theorem 8
In the statement we state the limit property (9), that is

lim
t→0
||u(t)− u0||∞ = 0 .

The limit property has not to surprise.

Actually the data u0 ∈ C(Ω). Hence at least on some interval (0,T0) we can

state the existence of a regular solution (ũ, πũ) (as proved e.g. in Maremonti

(2008)). So that
lim
t→0
||ũ(t)− u0||∞ = 0 .

We can compare the weak solution (u, πu) with (ũ, πũ), they coincide. This

explains the limit property.

The last remark: we are not able to employ the proof in the case of an

exterior domain Ω, because we do not know the following estimate for

solutions to the Stokes problem:

q 6= 2, ||∇U(t)||Lq (Ω) ≤ c(t)||∇U0||Lq (Ω), t > 0 , (13)

with c(t) smooth function.

In the case of Rn or Rn
+ to obtain (13) we can use the representation formula

of the solutions, and, of course, c(t) = const .


